



















IDENTITIES OF SYMMETRY FOR HIGHER-ORDER GENERALIZED
q−EULER POLYNOMIALS
D. V. DOLGY, D. S. KIM, T. G. KIM, J. J. SEO
Abstract. In this paper, we investigate the properties of symmetry in two variables
related to multiple Euler q − l−function which interpolates higher-order q−Euler poly-
nomials at negative integers. From our investigation, we can derive many interesting
identities of symmetry in two variables related to generalized higher-order q−Euler poly-
nomials and alternating generalized q−power sums.
1. Introduction
Let χ be a Dirichlet character with d ∈ N with conductor d ≡ 1(mod2). Then the gener-












, (see [4], [9], [19]). (1.1)
The generalized Euler polynomials of order r ∈ N attached to χ are also defined by the



















nχ (0) are called the generalized Euler numbers attached to χ, (see
[9], [13]).




, (see [8]-[21]). (1.3)
Note the limq→1[x]q = x.
In[12] and [13], Kim for the first time considered various q-extensions (or (h, q)−extensions)
of Euler numbers and polynomials and constructed analytic continuations which interpo-
late his q−numbers and polynomials. Until recently, many authors have studied q−Euler or
(h, q)−Euler polynomials due to him, (see [1]-[21]). In [13], Kim defined the (h, q)−extension
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of generalized higher-order Euler polynomials attached to χ which is given by the generating
function to be

















































n,χ,q(0) are called the (h, q)−extension of generalized higher-order
Euler numbers attached to χ.




























In[13], Dirichlet-type multiple (h, q)− l− function is defined by Kim to be

















[m1 + · · ·+mr + x]sq
,
(1.6)
where s, h ∈ C and x ∈ R, with x 6= 0,−1,−2, · · ·.
By using Cauchy residue theorem, we get
l(h)q,r (−n, x|χ) = E
(h,r)
n,χ,q(x), n ∈ Z≥0. (1.7)
In this paper, we investigate the properties of symmetry in two variables related to Dirichlet-
type multiple (h, q)−function which interpolates the (h, q)−extension of generalized higher-
order Euler polynomials attached to χ at negative integers. From our investigation, we can
derive many interesting identities of symmetry in two variables related to (h, q)−extension
of generalized higher-order Euler polynomials and alternating generalized q−power sums.
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2. Identities for the (h, q)−extension of generalized higher-order Euler
polynomials
In this section, we assume that χ is a Dirichlet character with conductor d ∈ N with
d ≡ 1(mod2).























[m1 + · · ·+mr + w2x+
w2
w1


































l=1 nl) + w2
∑r























l=1 nl) + w2
∑r

































































l=1 nl) + w2
∑r







































































l=1 nl) + w1
∑r











Therefore, by(2.2) and (2.3), we obtain the following Theorem.
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By(1.7) and Theorem 2.1, we obtain the following theorem.






























































From(1.5), we note that
E(h,r)n,χ,q(x+ y) = (q
x+yE(h,r)χ,q + [x+ y]q)
n
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Therefore, by (2.7) and (2.8), we obtain the following theorem.
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Therefore, by(2.10) and (2.11), we obtain the following theorem.
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